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, Abstract. This article presents a natural extension of the tensor algebra. This ex- 

Os| ■ tended algebra is based on a vector space as the ordinary tensor algebra is. In addition 

^ I to "left multiplications" by vectors, we can consider "derivations" by covectors as basic 

O ■ operators on this algebra. These two types of operators satisfy an analogue of the canoni- 

I cal commutation relations, and we can regard the algebra generated by these operators as 

an analogue of the Weyl algebra and the Clifford algebra (actually this operator algebra 
contains these algebras naturally as quotient algebras). These extensions of the tensor 
algebra have some applications: (i) applications to invariant theory related to tensor 
products, and (ii) applications to immanants. The latter one includes a new method to 
study the quantum immanants in the universal enveloping algebras of the general linear 
Lie algebras and their Capelli type identities (the higher Capelli identities). 
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Introduction 



■ In this article, we introduce some extensions of the tensor algebra. The most basic one 

^ is constructed as a vector space as follows: 



•n [ p>0 

0\ ' 



For this TiV), we can naturally define an associative algebra structure. The ordinary 
G> I tensor algebra T{V) can be regarded as a subalgebra of this algebra. This extended algebra 
^ ' T{V) is remarkable, because we can consider a natural "derivation" L{v*) determined from 
any covector v* G V* as an operator on T{V). An analogue of the canonical commutation 
^ , relations holds between these derivations and the left multiplications L{v) by vectors 
^1 V & V (Theorem 12.31) . It is also natural to call these multiplications and derivations 
"creation operators" and "annihilation operators," respectively (namely, we can regard 
this T{V) as an analogue of the Boson and Fermion Fock spaces). The algebra C{V) 
generated by these two types of operators is naturally isomorphic to 

®CS, C5oo ®C5, V*""^ 

p<g>o 

as vector spaces, and we can regard this operator algebra C(y) as an analogue of the 
Weyl algebra and the Clifford algebra (actually this contains these algebras naturally as 
quotient algebras). 

This framework has some applications to invariant theory related to tensor products. 
First, we can describe the commutants of some fundamental classes of operators on tensor 
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spaces (Theorems 13.11 13.31 and 13. 7p . Theorems 13.11 and 13.71 can be regarded as a gener- 
ahzation of the Schur-Weyl duahty and an analogue of the (GL„(C), GL„/(C)) duahty 
due to Howe [Ho] , respectively. We also give a Capelli type identity on the tensor algebra 
T(C" ® ) (Theorem 14.11) . This describes a natural correspondence between the center 
of the universal enveloping algebra U{gi^) and some invariant "differential operators" on 
T(C" C" ) given in Theorem 13.71 Moreover, using this Capelli type identity, we can 
determine the S'L„(C)-invariants in T(C" ® ) (Theorem 14.41) . 

Our extensions of the tensor algebra are also useful to treat a matrix function called 
"immanant." This is parallel to the fact that the exterior algebras and the symmetric 
tensor algebras are useful to treat the determinant and the permanent. This method can 
be developed to study the "quantum immanants," a basis of the center of the universal 
enveloping algebra f/(0t„) introduced by Okounkov |01] . The quantum immanants have 
been studied by using the i?-matrix method, the fusion procedure, and representation 
theory of the Yangian Y{glJ (see [OlJ, [02}, [00], [Ml], [N2]; Section 7.4 of [M2] is 
helpful to look at the whole picture on this issue). Instead of these traditional approaches, 
we can use our extensions of the tensor algebra. Namely, considering generating functions 
in these algebras, we can prove various fundamental relations for the quantum immanants 
by simple calculations. It is not to say that our approach is more powerful than established 
approaches. However, we can regard this approach as an advanced version of the exterior 
calculus used to study Capelli type identities in [lUj . [Il]-[l6], |U2j - |U5| . |Haj . [Waj (and 
also in Section H] of this article), and we can follow the skills in the usual generating 
function method. The author thinks that this approach is one of the best ways to study 
the quantum immanants, and expects further developments. 

Finally, combining several ideas in this article, we give Capelli type identities for the 
quantum immanants on T(C"®C" ) as higher generalizations of the Capelli type identity 
given in Section H] (Theorems 19.31 and l9.4p . 

This article is organized as follows. In Section [H we introduce the algebra T{V) as an 
extension of the tensor algebra T{V). This is the base of all studies in this article. In Sec- 
tion [2], we define multiplication and derivation operators acting on T{V), and give their 
quick applications. The algebra C{V) generated by these operators contains the Weyl 
algebra and the Clifford algebra naturally as quotient algebras. In Section [3l we use these 
operators to study a generalization of the Schur-Weyl duality and an analogue of Howe 
duality. In Section HI we describe the action of the Capelli element on the tensor algebra 
T(C"' ® C*^ ) using the multiplication and derivation operators. This description can be 
regarded as an analogue of the Capelli identity (we also give its "higher" generalization 
in Section [H]). Moreover we give the first fundamental theorem of invariant theory for 
the action of S'L,„(C) on T(C" ® C" ) as an application of this Capelli type identity. In 
Section [5l we give some variants of the algebras T{V) and C{V). These variants work as 
a stage to study immanants and quantum immanants in later sections. In Section [6l we 
introduce some noncommutative immanants and see their fundamental properties. We 
also introduce the notion of "preimmanants." In Section [TJ we express these noncommu- 
tative immanants using our algebras. In Section [S], we develop this method to treat the 
quantum immanants, and show their fundamental properties. Finally, in Section [HI we 
prove the higher Capelli identity and its analogue on T(C" ® C" ). 

The author hopes that these extensions of the tensor algebra will be useful to study 
various issues related to tensors and furthermore supersymmetry theory. 
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1. Definition of the algebra f{V) 

First we define an algebra T{V). This is the most fundamental algebra among the 
extensions of the tensor algebra which we discuss in this article. 

1.1. Let us consider an n dimensional C-vector space V and its tensor algebra T{V) = 
^pXjTpiy). The homogeneous part Tp{V) of T(y) is the p fold tensor product of V: 
Tp{V) = V^^. We consider the natural (right) action of the symmetric group Sp on this 
V^P. Namely a e Sp acts onVp---vie V^p by 

Vp-- - Via = ■ ■ ■ 

Here, we omit the symbol "(8>" for elements of T{V). Moreover, we often employ the 
numbering of vectors running from right to left, when considering a right action of the 
symmetric group. We regard Tp{V) = V^p as a right CS'p-module with this action. In 
addition, for g > 0, we regard CSp+g as a {CSp, CS'p+g)-bimodule with left and right 
multiplications (we embed CSp in CSp^g according to the canonical inclusions So C Si C 
■■■ of symmetric groups). We consider the tensor product of these right module and 
bimodule (namely an induced representation): 

Tj«)(r) = V^P ®C5, CSp+, ^ ln4sT 

Note that T^'^\v) - CSg. Since Tj,^\v) = V^p ®c5p CSp is naturally isomorphic to 
Tp{V) = V^P, we have the inclusions 

(1.1) Tp{V) = T('\V) C T('\V) C ■ ■ ■ . 

Let us consider a much larger space 

Tp(°°)(V) = V^P ®C5, CSoo ^ Ind^^- V'P. 

Here S^o denotes the infinite symmetric group, namely the inductive limit of the sequence 
5*0 C Si C ■ ■ ■ . Let us denote this Tp'^\v) by Tp{V) simply. We can regard Tp{V) as the 
inductive limit of the sequence (11.11) . 

Let us consider the direct sum of To(l^), Ti(l^), . . .: 

nv) = ®fp{v). 

For this T{V), we can naturally define a structure of graded algebra. That is, for 

LP = Vp - ■ - Via e fp{V), (f' = v'p, ■ --v'^a' E fp>{V), 
we define the product ipip' G Tp+pi{V) by 

ip(p' = {vp--- via){v'p, ■ ■ ■ v[a') =Vp--- Viv'p, ■ ■ ■ v[aP'{a)a'. 
Here a is the group endomorphism of Soo defined by 

a{a): a{k-l) + l for A; > 2, 
l^-^l. 
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namely we put a{si) = Sj+i for the adjacent transposition Si = {i i + 1). We can easily 
see that this multiplication is well defined and moreover associative. 

Let us see some relations for this multiplication. First, for v, w & V, we have 

(1.2) wv = vwsi, SiV = vsi+i. 

Moreover the defining relations of the symmetric group also hold in T(y): 

(1.3) = 1, SjSj+iSj = SiSj = SjSi for \i — j\ > 1. 

Actually, these relations form the defining relations of the algebra T{V) as seen in Theo- 
rem 11.21 below. 

It is easily seen that T^'^^V) = ®p>oTp'^\v) is a subalgebra of T{V). In particular, 
T{V) ~ T^^\V) is also a subalgebra, and the restriction of the multiplication of T{V) 
is equal to the ordinary multiplication of the tensor algebra T{V). Thus, we can regard 
T^^^V) and T{V) as extensions of the ordinary tensor algebra. 

1.2. Let us consider a "canonical form" of elements in T^'^\V). We denote the set 
{1, . . . ,n} by [n], and consider a sequence I = (zi, . . . ,ip) G [n]P (we assume that J, J, . . . 
mean the sequences / = {ii, . . . , ip), J = (ji, . . . ,jp), . . . throughout this article). We 
put /! = mi! ■ ■ ■ m„!, where mi, . . . , m„ are the multiplicities of 1, . . . , n in the sequence 
/ = {ii,...,ip) G [n]P, respectively. The symmetric group Sp naturally acts on [n]^ 
by cr(/) = (v(i), . . . , V(p))- We denote by {Sp)i the stabilizer subgroup of the sequence 
/ G Namely, we put {Sp)i = {a E Sp \ cr(/) = /}. Then the order of this group {Sp)i 
is equal to /!, and the element 

o-e(5p)i 

in CSp is idempotent. Moreover, for a basis ei, . . . , e„ of l^, we have the relation 
From this, we see the following assertion: 

Proposition 1.1. By fixing a basis ei, . . . , e„ of V, any element in Tp''\v) can be ex- 
pressed uniquely as a sum of elements in the form Ci^ - ■ ■ Ci^t. Here I = {ii, . . . ,ip) is a 

sequence in p'j) > ^ind t is an element of tie left ideal siCSp+g of CSp+g. 
Here we put 

,ir) G [nY \ii < ■■■ < ir}, 

, ir) G [nY \ii < ■ ■ ■ < ir}- 

1.3. We can also define the algebra T{V) in terms of generators and relations: 

Theorem 1.2. The algebra An defined by the following generators and relations is iso- 
morphic to T{V) by regarding basis of V: 

generators: ei, . . . , e^, Si, S2, . . . , 

relations: CbCa = CaCbSi, SiCa = e^Sj+i, 

s'^i = 1, SiSi+iSi = Si+iSiSi+i, SiSj = SjSi when \i - j\ > 1. 
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Proof. Noting (11.21) and fll.Sp . we can consider a natural homomorphism from An onto 
T{V). Moreover, any element in An can be expressed as the form in Proposition 1 1 . 1 1 by 
using the first and second relations. Thus this homomorphism is injective. □ 

2. MULTIPLICATIONS AND DERIVATIONS 

Some interesting operators naturally act on T{V). In this section, we introduce the 
"multiplication" hy v & V and the "derivation" by v* G V* {V* is the linear dual of V), 
and discuss their fundamental properties and quick applications. 

2.1. We denote by L{ip) the left multiplication hj ip E T{V), i.e., we put L{ip)ip = ipip 
for if and ip G T{y). The cases ip = a E Soo C C^oo = ^o(^) and ip = v E V C Ti{V) 
are particularly fundamental, because the other cases are generated by these two cases. 

In addition to these operators L{a) and L{v), let us introduce the "derivation" L{v*) 
by a covector v* G V*. Namely, for v* G V*, we define the operator L{v*) on T{V) by 

p 

L{v*)vp ■ ■■vit = '^{v*,Vk)vp - ■ -Vk- ■ - vi ■ {p p - 1 ■ ■■ k + 1 k)t. 

k=l 

Here Vp, . . . ,vi are elements of V, and t is an element of CS'oo- Moreover Vk means that 
we omit Vk- When p = 0, we put L{y*)t = 0. 

This definition seems natural, because each term in the right hand side is obtained 
by moving Vk to the left end and taking the coupling with v*. The permutation {p p — 
1 ■ ■ ■ k + 1 k) appears following this movement of v^. 

By a direct calculation, we see that this definition is well defined. Note that this 
well-definedness is equivalent with the fact that L{v*) is commutative with the right 
multiplication by CS'oo- 

The following relations are immediate from the definition of L: 

Proposition 2.1. The operators L{a), L{v), and L{v*) with a G Soo, v E V , v* E V* 
commute with the right multiphcation by CS'oo- 

Proposition 2.2. For v E V and v* E V*, the operators L{v) and L{v*) map Tp'^\v) as 

L{v):Ti'^\V) 
T(0)(V) 

L{v*):T;,'\V) 

Moreover, we have the following commutation relations- The proof is straightforward- 
Theorem 2.3. For V, w eV and v* , w* E V*, we have 

L{w)L{v) = L{v)L{w)L{si), 
L{w*)L{v*) = L{si)L{v*)L{w*), 
L{w*)L{v) = L{v)L{si)L{w*) + {w\v) 



T;,IT>{V) forq>l, 

T^'X'HV) forp>l, 
{0}. 
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and moreover 

L{s,)L{v) = L{v)L{si+,), L{v*)L{s,) = L{s,^,)L{v*), 
L{sif = 1, L{si)L{si+i)L{si) = L{si+i)L{si)L{si+i), 
L{si)L{sj) = L{sj)L{si) when \i — j\ > 1. 

We can regard the first three relations as an analogue of the canonical commutation 
relations (CCR) and the canonical anticommutation relations (CAR). The positions of 
L{si) in the right hand sides are interesting. We will discuss this analogue further in 
Section 12. 3[ 

The following relation is also fundamental: 

Moreover, when / E (^^^ cind J G ' have 



(2.1) L(e*J-- -1.(6^)6,, ■■■e, 




/ = J, 

r > p and I ^ J. 



Remark. For ip G Tk{V) and ip G T{V), we have 

L{v*){Lpi)) = {L{v*)ip)i) + ifSkSk-i ■ ■ ■ Si{L{v*)ip) 

= {L{v*)ip)^ + ip-{k + lkk-1...2 1) {L{v*)i)). 
This can be regarded as an analogue of the Leibniz rule. 

2.2. Let C{V) be the subalgebra of End(T(\/)) generated by L{v), L{v*), and L{a) with 
V E V , V* E V* , and a E Soq. This algebra C{V) can be identified with the algebra Bn 
defined by the following generators and relations: 

(2.2) generators: ei, . . . , e„, e^, . . . , e* , Si, S2, . . . , 

relations: CbCa = CaCbSi, e^e* = Sie*e^, elca = CaSicl + 6ab, 

sl = 1, SiSi+iSi = Si+iSiSi+i, SiSj = SjSi when |z - j| > 1. 

Indeed, regarding ei, . . . , e„ and e^, . . . , e* as a basis of V and its dual basis of V*, we 
have the following theorem: 

Theorem 2.4. The following correspondence induces an isomorphism from Bn onto C{V): 

Si ^^ L{si), Ca ^^ L{ea), e* ^ L{el). 

This correspondence establishes a homomorphism / from Bn onto £,{¥) as seen from 
Theorem 12.31 Thus, to prove this theorem, it suffices to show that this / is injective. As 
a preparation for this, we note the following lemma: 

Lemma 2.5. The algebra T{y) is isomorphic to the subalgebra B]^ of Bn generated by 
ei, . . . , e„ and si, S2, . . . through the natural correspondence Ca ^ Ca, Si ^ Si. 

Indeed, Theorem 11.21 tells that this correspondence determines a homomorphism from 
T{y) onto Bl^. This is also injective, because the inverse map is given by — T{y), 
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Proof of Theorem \2.4[ It suffices to show that /: Bn jC{V) is injective. Let us assume 
that there exists a nonzero $ G Ker /. By using the ffist five relations in (12.21) . this can 
be expressed in the following form with G ~ T(V"): 



r=0 



Actually, we can take ipi to be an element of because we have e*^ ■ ■ ■ e*^ = s/e*^ ■ ■ ■ e*^ 
(recall (ll.4p ). Let J be one of the shortest sequences among {I \ipi 0} (this set is not 

empty, because $ is nonzero). Namely we fix J G (^^^ such that ipj ^ V^/ = for 
any I G ^(^'"^j)) r < p. Then, using (12.11) . we can calculate /($)e 



This ipj must be equal to zero. This is a contradiction, so that Ker / = {0}. □ 

This proof teaches us another realization of the algebra Bn — jC{V)'- 
Corollary 2.6. The vector space 

V^^" ®CS, C5oo ®C5, V^*^^ 

p,q>o 

is identiGed with C{V) as vector spaces through the correspondence 

Vp--- viavl ■ • ■ t;* t-> L{vp) ■ ■ ■ L{vi)L{a)L{vl) ■ ■ ■ L{v*). 
Here Vi, v*, and a are elements ofV, V*, and Soo, respectively. 

2.3. The first three relations of Theorem 12.31 are similar to the canonical commutation 
relations (CCR) and the canonical anticommutation relations (CAR). Thus we can regard 
T{V) as an analogue of the Boson and Fermion Fock spaces. It is also natural to call L{v) 
and L{v*) the "creation operator" by v and the "annihilation operator" by v*, respectively. 

More precisely, T{V) contains the Boson and Fermion Fock spaces as quotient algebras: 

nV)/{a - 1) ~ S{V), f{y)/{a - sgn(or)) ^ A(V). 

Similarly, CiV) contains the Weyl algebra and the Clifford algebra as quotient algebras: 

C{y)/{a - 1) ~ Weyl(F* © V), CiV)/ {a - sgn((T)) ~ Clifford(l^* © V). 

Here (a — 1) and (cr — sgn((T)) are the two-sided ideals of T{y) or CiV) generated by 
{(J — 1 I (J G Soo] and {cr — sgn(cr) | a G Soo}, respectively. The author wonders if the 
algebras T{y) and CiV) might be useful to deepen supersymmetry theory. 

2.4. These operators L{y) and L{y*) are useful to express polarization operators on 

nv). 

Let be a vector space. The canonical action of GLiV) on V is naturally extended to 
the actions on T{y) and TiV). The infinitesimal action of ^[(V^) on T{y) is expressed as 

(2.3) -niE,,) = L(e.)L(e*). 
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Here (1 < i,j < n) means the canonical basis of QiiV), and ei, . . . , e„ and e^, . . . , e* 
mean a basis of V and its dual basis of V* , respectively. This relation (12.31) is easily seen 
by a direct calculation: 

L{ei)L{e*)Vk ■■■Vi = ^(e^, Va)Vk ■ ■ ■ Va+lClVa-l ■ ■ ■ f 1. 

a=l 

It is natural to regard this as the counterpart of the polarization operator Xi-^ on the 

polynomial space C[xi, . . . , x„] [We]. As seen from Proposition 12.21 we can interpret both 
sides of the relation (12. 3p as linear transformations on T{y). 

2.5. We can also consider an analogue of the Euler operator: 

n 

(2.4) A = Y,L{e,)L{4). 

i=l 

This satisfies A^p = pip for ip> G Tp{y). We will use this operator (and its variants) to 
calculate some commutants in Section [31 
The following variant is also interesting: 

n n 

D=J2 L{eMe,)L{e*)L{e*) = L{e,)L{e,)L{s^)L{e*)L{e;). 

i,j=l i,j=l 

This operator acts as the operation "exchange arbitrary two vectors and sum up all 
results." Namely we have 

Dckp • • • efci = ^ Ck^- ■ ■ ek, ■ ■ ■ Ck, ■ ■ ■ 

(here we count vectors from right). Thus this operator can be rewritten as 



Here R{t) is the right multiplication by t G C^oo. More generally, for r G 5*,., we have 
J2 ^(e.J ■ ■ ■ L(ejL(r)L(e*J ■ ■ ■ L{el) = ^^RiYl ^"'^^)- 

3. Descriptions of commutants 

Using the multiplications and derivations defined in the previous section, we can de- 
scribe some commutants of fundamental operators on tensor spaces. 

3.1. First, we give a natural generalization of the Schur-Weyl duality: 

Theorem 3.1. For I = 0,1,2,..., we denote by Cf' = c[''\v) the set of all linear 
combinations of the following operators on Tp''\v): 

L{v{)---L{vr)L{a)L{vl)---L{v;). 

Here Vi, v*, and a are elements of V, V*, and Si+g, respectively. Then we have the 
following assertions: 
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(i) The inclusions df* C df^ C ■ ■ ■ C df^ hold as operators on Tp'^\v). Moreover 
we have df^ = {0} for I > p. 

(ii) Let R be the right multiphcation by CSp+g on Tp''\v). Then R{CSp+q) and df* 
are mutually commutants of each other in End(Tp^''(V)). 

Proof. To prove (i), we use the Euler type operator A = XliLi -^(^j)-^(^i ) defined in (12.41) . 
As a consequence of Theorem 12.31 we have the relation 

(3.1) L{v)A= {A-l)L{v) 
for V & V. Using this relation, we have 

n 

J2 L{vi) ■ ■ ■ L{v,)L{eu)L{a{a))L{el)L{vl) ■ ■ ■ Liv^) 

k=l 

= L{vi)---L{vi)AL{a)L{vl)---L{v*) 

= {A- l)L{vi) ■ ■ ■ L{v,)L{a)L{vl) ■ ■ ■ L{vt). 

As operators on Tp'^\v), this is equal to 

{p-l)Livl)■■■Liv^)L{a)L{vl)■■■L{v!), 
because A\ (q). , = pid (q), This calculation means the inclusion C /^jil for / < p. 

J-jj (V ) Ip (V ) T" 

The relation c\'^^ = {0} for / > p is obvious from Proposition 12. 2[ Thus (i) is proved. 

To prove (ii), it suffices to show -R(C5'p+q)' = Cl^'^ by the double commutant theorem 
(Theorem 3.3.7 in |GW j ) . Here we denote by V the commutant of "D C End(Tp''''(l^)). 
The inclusion i?(CS'p+g)' D C^"* is immediate from Proposition 12. H so that we only have to 
show the reverse inclusion _R(CS'p+g)' C Cl^\ To show this, we consider a higher analogue 
of the Euler type operator A: 

(3.2) ^P = l E ^(e.J---^(e.jL(e*J---L(e;). 

^' ie[n]p 

Using ( 13. ip repeatedly, we can express this Ap as 

Ap = ^{A-p + l){A-p + 2)---iA- 1)A, 

so that Ap(p = (p for (p E Tp''\v). Thus, for any / G -R(CS'p+q)', we have 
/(^) = fiApif) 

= ^(^ E Lie..) ■ ■ ■ LieMel) ■ ■ ■ L{el)^) 



^' Ie[n]P 

3 E fK---e.,ti), 
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where we denote L{e*_^) ■ ■ ■ L{e*^)ip E CSp+q by tj. Since / G R{CSp+q)', we have 



^ /e[n]p ^ /sHp 

namely 

/ = ^ E ^(/(e.,---e,))L(e*J---L(e;). 

^' /G[n]P 

This means that / is an element of L^y^ . □ 

When g = 0, Theorem 13.11 is equal to the Schur-Weyl duality, because we have the 
following relation: 

Proposition 3.2. We iiave Cf = 7r{U{Qi{V))). 



Proof. As a consequence of Theorem 12.31 we have 

[L{e,)L{e*),L{ea)]=6Me,). 

Using this, we have 

L(eO ■ ■ ■L(e,jL(e,jL(e*jL(e*J ■ ■ ■L(e* ) 

= L(ei jL(e*J • -L(eiJ ■ ■ ■ L{ei^)L{e*^) ■ ■ ■ L{e*J + an element of 

Repeating this, we see that any element of can be expressed as a polynomial in 

7c{Eab) = L{ea)L{el), l<a,b<n. □ 

Remarks. (1) When p = 0, Theorem 13.11 is equal to the fact that L{CSq) and R{CSq) are 
mutually commutants of each other in End(C5'g). 

(2) For any group G, every map f : G ^ G commuting with all right translations is equal 
to a left translation. This fact is proved quickly as follows. Let x be an element of G. 
Then we have f{x) = /(ex) with the identity element e. Since / commutes with the right 
multiplication by x, this /(ex) is equal to /(e)x. This means that / is equal to the left 
multiplication of /(e). It should be noted that the proof of Theorem 13.11 is based on the 
same principle. 

3.2. We have a similar relation about operators on T(y): 

Theorem 3.3. Let R be the right multiphcation by CSoo on T{V). In addition, we 
denote by J^p = Aip{V) the set of all operators on T{V) in the form 

J2 L{^i)L{el)---L{el), 

I&[n]P 

where ipj's are elements ofT{V). Moreover, we denote by M. = AiiV) the set of all 
operators in the form 'Ylip>QDp with Dp G M.p. This is an infinite sum in general, but 
this actually acts as a finite sum, when it is applied to any element ofT{V). Then these 
R{CSoq) and M. are mutually commutants of each other as operators on T{y). 

The inclusions R^CSoo)' 3 M and -R(CS'oo) C Ai' are obvious, so that it suffices to 
show the following two propositions: 

Proposition 3.4. We iiave M' C R{CSoo)- 
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Proposition 3.5. We have R{CSoo)' C M. 

To prove Proposition 13.51 we use the following lemma: 
Lemma 3.6. For any f G R{CSoo)' , there exists Dp G A4p such that f{f) = D^ip for 

Proof of Proposition l3~^ Assume that f E A4'. Then we have 

L{v*)f{l) = f{L{v*)l) = /(O) = 0, 

so that /(I) belongs to Tq{V) = CSoo- Moreover, we have f{{p) = f{(p ■ 1) = v^/(l) for 
V? G Tiy). From these we see / G R{CSoo). □ 

Proof of Lemma lSM In a way similar to the proof of Theorem 13.11 (ii), we have 

^' /e[n]p 

for if G Tp{V). Here Ap is the analogue of the Euler operator defined in (13. 2p . This means 
the assertion. □ 

Proof of Proposition \3.5[ Fix an arbitrary / G -R(CS'oo)'. We take Dq G A^o such that 
f{(po) = Dqlpq for all y^o ^ ^o(^)- Next, we take Di G J^i such that (/ — Do)(v^i) = DiVi 
for all ipi G Tiiy). In this way, we take £ -A^fc for /c = 0, 1, 2, . . . such that 

if - Do Dr-l){(Pr) = DriPr 

for all ipr G Tr(\^). Here we used Lemma [331 and the fact f — Dq — ■ ■ ■ — Dj—i G -R(CS'oo)'. 
From this, we can deduce the following relation for ip G 0fc=o-^fc(^)- 

f{ip) = {Do + --- + Dr)ip. 

This is proved by induction on r by noting the relation D^pi = for ipi G Ti{V) when 
A; > /. This means that / = J2k>o^>' ^ '-' 

3.3. We can consider an analogue of the Howe duality. The general linear group GLn{C) 
naturally acts on the tensor product C" ® C" . This can be extended to the action on 
Tp'^\C"' §>> C"') naturally. Then we have the following theorem as an analogue of the 
{GLn{C),GLn/{C)) duality on the polynomial space P(C" ® C" ) due to Howe [Ho]. 

Theorem 3.7. Let Qi be the operator algebra in End(Tp'^''(C"' C"')) generated by the 
action of GLn{C) and the right muhiphcation by Sp+g. Moreover, we denote by Q2 the 
set of all linear combinations of the operators in the form 

Ie[n]P 

Here Wij means the canonical basis of C" ® C"' , and w*j means the dual basis. Moreover, 
a is an element of Sp^g. Then Qi and Q2 are mutually commutants of each other. 
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As a preparation for the proof, we note an easy lemma. Let \^ be a vector space, and 
consider the following actions of GL{V) on V^p ® CSp+^ ® V*^p and 

g ■ {vp ® ■ ■ ■ ® vi ® a ® vl ® ■ ■ ■ ® V*) 

= gvp®---®gvi®a® ^g'^vl ^g'^v*, 

g ■ L{vp) ■ ■ ■ L{v,)L{a)L{vl) ■ ■ ■ L{v;) 

= n{g)L{vp) ■ ■ ■ L{v,)L{a)L{vl) ■ ■ ■ L{v;)n{g-') 

= L{gvp) ■ ■ ■ L{gv,)L{a)L{YH) " " " L{Y'v;)- 
Here fj, a, and v* are elements of V , Sp+g, and V*, respectively. Moreover n means the 
natural action of GL{V) on Tp''\v). Then, the following is obvious: 

Lemma 3.8. The map V^p ® CSp+g ® V*^p Ci^^V) deGned by 

Vp^---^vi^a^vl^---^v*^ L{vp) ■ ■ ■ L{vi)L{a)L{v{) ■ ■ ■ L{v*p) 
is a surjective GL{V)-honiomorphism. 

Proof of Theorem 13. 71 It is sufficient to show Q'l = Q2, because Qi is semisimple. 

The proof of the inclusion Q[ D Q2 is plane. Indeed Q2 commutes with the right 
multiphcation by CS'p+g, because Q2 C C^\C"'^C"'). Moreover, Q2 also commutes with 
the natural action of GL„(C) on Tp^''^(C" (g) C"') as seen by a simple calculation. 

Thus, it suffices to show that Q[ C Q2, namely any operator in C^\c^ ® C"') = 
R{CSp+gy commuting with the action of GLni^C) belongs to Q2- The first fundamental 
theorem for tensor spaces (Theorem 4.3.1 in [GW] ) states that all GL„(C)-invariants in 
(C" (g) )^P ® (C" ® C" y^P are expressed as a linear combination of elements in the 
form 

/G[n]P 

Our goal follows from this and Lemma 13. 8[ □ 

The following relation is immediate from Theorem 13. 7t 

Corollary 3.9. For any central element C in the universal enveloping algebra U{gl^), 
the action of G on Tp''\C"' C"') is equal to an operator in Q2, and this operator is also 
central in Q2. 

In the next section, we will give an explicit description of this relation in terms of 
generators as an analogue of the Capelli identity. 

4. Capelli identity on r(C" C"') and its application to invariant theory 

In this section, we give a Capelli type identity on T(C" (8> C"') using the multiplica- 
tion and derivation operators defined in Section [2] (we will give a more general relation, 
namely a "higher version" in Section 19. 2p . This can be regarded as a description of the 
correspondence of invariant operators in Corollary 13. 9[ 

The original Capelli identity played an important role in invariant theory. Our Capelli 
type identity also has an application to invariant theory. That is, we can determine the 
S'L„(C)-invariants in T(C" ® C" ) using this Capelli type identity. This application can 
be regarded as a noncommutative version of a classical result, namely the description 
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of S'L„(C)-invariants in the polynomial algebra P(C" ® C"') using the original Capelli 
identity (Theorem 2. 6. A in |Wej ). 

4.1. Let us recall some central elements of f/(gl„) called the Capelli elements ( |Clj . |C2j . 
[HU] , |Ulj ). Let Eij be the standard basis of and consider the matrix E = (-Eij)i<jj<„ 
in Mat„([/(g[„)). We consider the following element in f/(gt„): 

Cn = column-det(£' + diag(n — 1, n — 2, . . . , 0)). 

Here "column-det" means the "column-determinant." Namely, for a square matrix X = 
{Xij)i<ij<n whose entries are not necessarily commutative, we put 

column-det X = ^ sgn((T)X^(i)iX^(2)2 ■ ■ 

This Cn is known to be central in ?7(g[„). We can generalize this to sums of minors: 

(4.1) Cr= ^ column-det (E// + diag(r - 1, r - 2, . . . , 0)). 

Here we put Xjj = {Xi^j^)i^a,b<r for a matrix X = {Xij)i<i^n,i<j<n' and sequences 
/ = {ii,...,ir) G [nY, J = (ji,...,jr) £ [n'Y- It is known that Cr is also central 
in f/(g[„), and Ci,...,C„ generate the center of [/(g[„). We call this Cr the "Capelli 
element" of degree r. 

We work in the same situation as Theorem 13.71 Namely, we consider the natural action 
of GL„(C) on C"(g)C"'. This action can be extended to the actions on T(5)(C"®C"') and 
moreover on T(C" ® C" ). The infinitesimal action of g[„ on T(C"' ® C" ) is expressed as 
follows (cf. Sectional: 

n' 

(4.2) 7^iE,,) = J2Hw^a)Liw;J. 

a=l 

Here Wij and w*^ mean the canonical basis of C" ® C"' and its dual basis, respectively. It 
is convenient to consider the matrices Z and Z* in Mat„.„'(£(C" ® C"')) defined by 

Z = {L{Wij))i<i<n,l<j<n' , Z* = {L{w*j))i<i<n,l<j<n'- 

Then, we can rewrite (14. 2 p simply as ^{E) = Z^Z*. 

In this situation, we have the following analogue of the Capelli identity (cf. [HUj, ^Ulj ): 

Theorem 4.1. For 1 < r < p, we have 

7T{Cr) = — column-det Z/o JO column-det J 



— column-det Zjojo column-det Zjj. 



Here we put 1° = {ir, ■ ■ ■ and J° = {jr, ■ ■ ■ , ji) for I = {ii, . . . ,ir) and J = (ji, ...,>). 
The proof will be given soon in Section 14. 3[ 

Recall the relation between the centers of ?7(gt„) and Q2 in Corollary l3.9[ We can regard 
Theorem 14.11 as an explicit description of this relation in terms of generators. Indeed, 
the right hand side of Theorem 14.11 belongs to Q2 (recall the relation Ci'^\C-"' (g> C"') C 
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£p (C^^C" ) in Theorem l3.ip . This is parallel to the fact that the original Capelli identity 
describes the correspondence of central elements of the universal enveloping algebras and 
invariant differential operators in the dual pair {GLn{C),GLn'{C)) (cf. Section [HiTl see 
also [E], [HU], [Ul]). 

In Section 19.21 we will give a more detailed description of this correspondence. Namely 
we will describe the image of a basis of the center of as a vector space. 

4.2. We recall the exterior calculus to deal with noncommutative determinants. This is 
a key of the proof of Theorem 14.11 and serves as a prototype of the approach to (noncom- 
mutative) immanants in Sections See |U2j - [U5] . |IUj . [Il]-[l6], [Haj . and [Waj for 
the details and further developments of this approach to noncommutative determinants. 

It is convenient to introduce the "symmetrized determinant" (or the "double determi- 
nant") as another noncommutative determinant. For an n x n matrix X, we put 

symm-det ^ = ^ sgn(cro-'"^)X„(i)^/(i) ■ ■ ■ X^(„)„/(„). 

cr,a'£Sn 

We also consider a variant with n complex parameters 

symm-det(X; ai,...,a„) = ^ ^ sgn((7o-'"^)X^(i)^/(i)(ai) ■ ■ ■ X^(„y/(„)(a„). 

Here Xij{u) means Xij{u) = Xij + 6ijU. Moreover, we put 

detr.(X ; ai, . . . , Or-) = -r symm-det (X// ; ai, . . . , a,.) 

= symm-det(X// ; oi, . . . , Or-). 

The second equality holds because symm-det {Xu ; CLi , . . . , CLfi ) = for J! ^ 1 and 

symm-det(X// ; Oi, . . . , a^) = symm-det (Xo-(/)cr(/) ; Oi, . . . , a^) 
for any a G Sr- We can also express this in terms of the column-determinant: 

(4.3) detr(X ; ai, . . . , Oj.) = — column-det (X// -|- In diag(ai, . . . , a^)). 

■ /G[n]'- 

This follows by a simple calculation. 

These determinants have their own advantages. For example, the column-determinant 
is easily calculated, and the symmetrized determinant has some good invariances. 

Remark. In |T2]-[I6], the matrix functions "column-det," "symm-det," and "det^" are 
denoted by "det," "Det," and "Det,.," respectively. 

These noncommutative determinants can be expressed in terms of the exterior calculus 
as follows. Let V be an n-dimensional C-vector space and consider the exterior algebra 
A(\^) on V . Let X = (Xjj) be an n x n matrix whose entries are elements of an associative 
C-algebra A. From now on, we calculate in the extended algebra A(V^) ® Aiw which the 
two algebras A(V^) and A commute with each other. 
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We fix a basis ei, . . . , e„ of y and put — Y17=i ^i^ij ^ -^(^) ® Then we have 

61 ■ ■ ■ 6r = X/ ■ ■ ■ column-det Xjj = r! ^ • • • Cj^ column-det X/j. 

i&[nr /e(W) 

Indeed, the first cqiiahty is seen by a straightforward calculation. The second equality is 
also immediate, because the column-determinant is alternating under the permutations 
of rows. This is generalized as follows: 

Cji(ai) • • • ^jr{ar) = ■ ■ ■ column-det (X/ J + l/jdiag(ai, . . . , a^)) 

= r! ^ • • -Cj^ column-det(X/j l7jdiag(ai, . . . , a^)). 

Here 1 means the unit matrix of size n, and we put $,j{u) = Y17=i ^i^iji'^)- 

To deal with the symmetrized determinant, we double the anti-commuting generators. 
Namely, in addition to the basis ei, . . . , e„ of V, we consider the dual basis ej, . . . , e* of 
V* and work in A{V ® V*) A. We consider the following elements in A{V ® V*) (g) A: 

n n n n 

1=1 i,J=l 2j=l j=l 

Then, a straightforward calculation shows us 
S(ai) • • •S(ar) 

= ;T^ 5^ ei,e*^---eve*^ J] sgn(a) sgn(aOXi^(ip^,^,) (ai) • • • X^^^^^,-^,^^^ 

It is useful to consider the symmetric bilinear form (-, ■) : A{V © V*) x A[V (B V*) C 
such that the following forms an orthonormal basis of A{V © V"*): 



Moreover, we extend this to the bilinear map 

(•, •) : A{V © V*) X A{V ®V*)(»A^A, {ip, a) = {ip, V')a. 

Here, (p and ■0 are elements of A{V © V*), and a is an element of A. Using this bilinear 
map, we can express some noncommutative determinants as follows. These can be shown 
by simple calculations. 

(4.4) (cji • • • , • • • = column-det Xjj, 

(4.5) (eii • • •ej^,^ji(ai) • • -^jrlor)) = column-det (X/j + l/jdiag(ai, . . . ,0^)), 

(4.6) ^{T^'-\E{ai)---E{ar)) = detr{X; ai,...,a,). 
r! 
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Here x^^^ means the divided power x*-^-* = ^a;^. Note that 

~ ^ 2-^ ■ ■ ■ ^ir^ir ' "^ii ~ 2-^ ■ ■ ■ ej,.ej^ ■ ■ ■ Cj^. 

4.3. As a preparation for the proof of Theorem 14.11 we note the following relation: 
Proposition 4.2. For I, J & [nY and a G Sr, we have 

column-det(E^(/)^/(j) + la{i)a'{j) diag(r - 1, r - 2, . . . , 0)) 

= sgn(cr) sgn(cr') column-det (i^/j + 1/j diag(r — 1, r — 2, . . . , 0)). 
In particular, this quantity vanishes when I\ ^ 1 or J\ ^ 1. 

Proof. For C,j{u) = J27=i ^iEijiu) G A(y) ® f/(g[„), we have the commutation relation 

(4.7) Oi(w + = -0.(w + l)in{u) 
by a direct calculation. Thus we have 

i^^^ir - l)e,^^,,(r - 2) ■ ■ ■e,^„(0) = sgn(a)e,,(r - l)i,,{r - 2) ■ ■ -^,^(0). 

Combining this with (14.51) . we see the alternating property under permutations of columns. 
In addition, the alternating property under permutations of rows holds in general. □ 

The following is immediate from this and (14.31) : 

Corollary 4.3. We have 

Cr = detr{E ; r - 1, r - 2, . . . , 0) = ^(r^, S(r - l)S(r - 2) ■ ■ ■ S(0)). 

Here we dehne E{u) G A{V © V*) ® U{giJ by E{u) = Zlj=i e^e*E,^{u) = Y.%i ij{u)e*. 

Noting this, let us prove Theorem 14. 1[ This proof is parallel to that of the original 
Capelli identity given in [13] (see also |U5j ) . 

Proof of TheoremE^ We work in k{V © V*) © £(€" © C"'). We put 

n n 

E = E^^E) = ^ eie*n{Eij), E{u) = E^^E)iu) = ^ eie*7c{Eij{u)), 

i,j=l i,j=l 

SO that 

n' 

(4.8) EiO) = E = Y,v,v*. 

i=i 

Here we define rjj and rj* by rjj = Yla=i ^aL{waj) and rj* = Yla=i ^l^i'^aj)- The following 
commutation relations are straightforward from Theorem 12.31 

(4.9) riifij = -VjViSi, ViVj = -SiV*jVi, ViVj = -VjSiV* - ^ij-r- 
In particular, we have 

(4.10) ■■■7],,a = r^,^,,,, ■ ■ ■ r/,^(^,, a'^r^l ■■■^1= " " " 
Moreover, combining (14. 8 p and (14. 9p . we have 

(4.11) E{u + l)7]^=7],E{u). 
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Using the relations (14. 8p and (14.111) repeatedly, we have 
S(r-l)H(r-2).-.H(2)S(l)H(0) 

= Yl 5(r-l)H(r- 2) ■■•2(2)2(1^.^7^; 

l<ir<n' 

= %2(r-2)H(r-3)^^^H(l)H(0)r^; 

^<jr<n' 

^ - 3) ■ ■ ■ H(l)r/jv-i^;_i^; 

l<ir-i ,><n' 

Yl VjrVjr-i^ir - 3)S(r - 4) ■ ■ ■ E{0)r]l_^r]l 

i<jr-l,jr<n' 



The last equality is seen from (14.101) . Taking the coupling with r*^''^ and and using (14.41) 
and Corollary 14. 3[ we have the assertion. □ 

4.4. Using Theorem 14.11 for the case r = n, we can determine the S'L„(C)-invariants in 
T(C"'®C"' ) and T(C"'®C"' ) (namely, we have the first fundamental theorem of invariant 
theory for S'L„(C) in the tensor algebra). 



Theorem 4.4. We put 



X = < column-det 1/° 



n 



Here Y denotes the matrix Y = {wij)i<i<n,i<j<n' in Mat„,,i'(T(C"' ® C"')), and In means 
the sequence In = {1,2, ... ,n). Then we have the following assertions: 

(i) The algebra f (C" ® C"')^-^"^^) is generated by I and Soo- 

(ii) The algebra T(C"' ® )'S'^"(c) jg spanned by the elements in the form Ai - ■ ■ A^cr. 
Here Ai, . . . ,Ak are elements of I, and a is an element of Sm- 

Proof. For ip G Tk{C"' (g) C"'')'^^"^'^^ we have 7i{Eij)ip = S^^ip. This is immediate from 
the invariance of ip under the action of SLn{C). Noting this and the definition of the 
column-determinant, we have 

n{Cn)v = ( - + n - 1 ) ( - + n - 2 ) ■ ■ ■ ( - + ) ^• 
\n J \n I \n I 



On the other hand, from Theorem 14. H we see 

7r(C„)v9 = Y^ ~j\ column-det Xjojo column-det Xj^j(p. 



J\ 

Jeff':'!)) 



18 



MINORU ITOH 



The quantity column-det X'^^ jip is ^^^(C) -invariant, because the operator column-det X*^^^ 
commutes with the action of S'L„(C). Thus, we can express as = 'Yl\=i ^iVi- Here Ai 
is an element of X, and is an element of Tfc_„(C"® C"')'^^"*^'-'''. Repeating this argument, 
we see the assertion by induction on A;. □ 



5. Other natural extensions of the tensor algebra 

Suggested by the operator algebra £,{¥) introduced in Section[2l we can consider similar 
algebras associated to two vector spaces V and W . We also consider the opposite algebra 
of T{y). These algebras are useful to treat the immanants in the next section. 

5.1. We consider the associative algebra defined by the following generators and 
relations: 

generators: Ci, . . . , e^, /i, . . . , /„, Si, Ss, . . . , 
relations: e^ea = eaCbSi, fbfa = sifafb, hea = eaSifb + Cab, 

sl = 1, SiSi+iSi = Si+iSiSi+i, SiSj = SjSi when |i - j| > 1. 

Here we fix arbitrary complex numbers Cab for 1 < a < m and 1 < b < n. Note that 
this C'^n is equal to Bn — ^C-iV) defined in fl2.2p . when m = n and Cab = Sab- It is also 
fundamental to consider the Cab 

= for all a and 6, and we denote by Cm,n in 
this case. It appears natural to regard as a "quantization" of Cm,n- 

Let us regard ei, . . . , Cm. and /i, ...,/„ as bases of two vector spaces V and W. Moreover 
we consider a bilinear map (■,■): W x V ^ C determined by (/;,, Ca) = Cab- Then, as seen 
soon, the algebra C.^ „ can be identified with the vector space 

f'iv,w) = ^f;^^iv,w). 

P,1>0 

Here we put 

f;,giV, W) = ®CS, C5oo ®CS, W""^. 

Proposition 5.1. The linear extension of the mapping 

f'{V, W) „, Vp--- vitwi ■■■Wg^Vp--- vitwi ■■■Wg 

defines a linear isomorphism from T'{V, W) onto „. Here Vi, Wj, and t are elements of 
V, W , and CSoo, respectively. 

Proof. By the definition of C^„, this correspondence induces a hnear map from T'iV, W) 
onto C'^n- Thus, it suffices to show that this is injective. 

We consider a sufficiently large vector space U and its linear dual U*. Then we can 
identify W and V with subspaces W C U* and V C U such that the restriction of the 
natural coupling of U* and U to W x V is equal to the bilinear map (•, •). As seen in 
Corollary 12.61 T'{U,U*) is isomorphic to the operator algebra C{U). Moreover, we have 
a natural algebra homomorphism from to i^dimc/ defined in (12. 2p . Similarly we have 
an injective linear map from T'{V,W) to C{U). Thus we see that this correspondence 
between T'iV, W) and is injective. □ 
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We introduce an algebra structure on the vector space T'(V, W) through this identifi- 
cation with C'„ „. 

Let us denote T'{V, W) and T^^^{V, W) by T{V, W) and Tp^q{V, W), respectively, when 
Cab = (namely when the bilinear map (■,■): W xV ^ Cis trivial). Then T(y, W) ~ Cm,n 
becomes a graded algebra, where Tp^q{V, W) is the homogeneous part of degree (p, q). Note 
that T"(y, W) has only a structure of filtered algebra in general. 

The following is easily seen: 

Proposition 5.2. Let v and w be elements of V and W, respectively. Then, in the 
algebra T{V, W), the element vw is central, though wv is not central. 

5.2. Let us denote the opposite algebra of f{V) by T°{V). Namely, we put 

T°{v) = ^f;{v) with t;{v) = cs^^cs,v^p, 

and define the multiplication on T°(V) by the formula 

cpcp' = (avi ■ ■ ■ Vp){a'v[ ■ ■ ■ v'p,) = aaP{a')vi ■ ■ ■ Vpv[ ■■■Vp, 

for if = avi---Vp G T°{V) and ip' = a'v[---Vp, G T°,(y). Then, the following is a 
subalgebra of T°{V), and can be regarded as the opposite algebra of T'^'^^V): 

T(<i>{V) = T^^^iV) with T^('')°(y) = CSp+g ®C5, V'P. 

The algebras T{y) and T°(y) are isomorphic to special cases of the algebra T{V, W): 
T(V^) ~T(V,{0}), f°{W) c^f{{0},W). 

5.3. Let us consider some natural bilinear maps. First, we define the bilinear map 

{■,-):f;{V*)xTp{V)^CS^ 

by 

{a'vl ■■■Vp,Vp--- Via) = a'L{vl) ■ ■ ■ L{v*p)vp ■ ■ ■ Via. 

It is easily seen that this is well defined. Namely, for (f* G T°{V*), (f G Tp{V) and a, 

a' G 5*00, we have {o-'ip*, ipa) = (j'if*, ^p)o-- 

Restricting this to T^'^'^°{V*) x Ti^\v) = T°{V*) x Tp{V), we obtain a map 

{■,-):T;{V*)xTp{V)^CSp. 

Here T^^^°{V*) is isomorphic to Tp{V*), but we denote this by Tp{V*) to emphasize that 
we regard this as a subspace of T°{V*). Composing this with the irreducible character 
X\ of Sp determined by a partition A of p, we have a bilinear form. Namely, we define 

{■,-)x:T;{V*)xTp{V)^C 

by {x*,x)x = xx{{x*,x)). 

The map (•, •) can be generalized to a bilinear map 

o: fp,,{U, V*) X f,,r{V, W) ^ fp,r{U, W) 

defined by 

{Up • ■ • Uiavl • ■ • V*) O {Vg - ■ ■ Via'wi • ■ ■ Wr) — Up - • ■ Ui(t{v'^ ' ' ''Vg,Vq - ■ ■ Vi)a'wi ■ ■ • Wr- 
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It is easily seen that this multiphcation o is well defined and associative. 
Suggested by the relation fl4.6p . we also define (■) : Tp^p{V, V*) CSoo by 

^' ie[n]p 

When ($) G CSp, we denote Xxii^)) simply by ($)a. 

5.4. We can use these bilinear maps to provide some central elements in CSp. Let us 
give some preliminaries to the discussion in Sections [7] and [HI 
First, the following is easily seen from the definition of (■). 

Proposition 5.3. When $ G Tp^p{V,V*), the element ($) G CS'oo commutes with any 
element in Sp. 

Let us consider ipj G TpiV) and ipj G T°{V*) indexed by J G [nj^ satisfying 
(5-1) ipja = ip^^j), a-^ip*j = ifil^jy 

For example, ipj = Vj^ ■ ■ ■ Vj^ and = v*^ - ■ ■ v*^ satisfy these relations for any t>i, . . . , t>„ G 
V and f f* G V*. For these, we have the following proposition: 

Proposition 5.4. Let ifj G Tp{V) and if} G T°{V*) satisfy i fO) . 

(i) We have a-\ip},^j)a' = 

(ii) We have J2je[n]p(v%Vj) = J2je[n]p(VjVj)- particular, this quantity is central 
in CSp. 

Proof. The proof of (i) is easy. We can deduce (ii) from 

cr^Sp cr^Sp 

Here we used (i) and the following relation for 99 G Tp{V) and 99* G T^(l^*): 

pi ^-^ 

6. IMMANANTS 

The algebras T{V), T°{V), and T{V,V*) are useful to treat a matrix function called 
the "immanant." In this section, we recall this notion and see its basic properties. We 
also introduce the notion of "preimmanants." 

6.1. The immanant is a natural generalization of the determinant and the permanent. 
Let A be an associative C-algebra, and consider an n x n matrix X = (Xjj)i<jj<„ in 
Mat„(^). When A is commutative, we define the immanant by 

(6.1) immAX = ^ X\icr)Xa(i)i ■ ■ ■ X^^ri)n = ^ X\i(^~^)Xia{i) ■ ■ ■X„^(„). 

Here A is a partition of ra, and x\ is the irreducible character of Sn determined by A. This 
is equal to the determinant and the permanent when A = (1") and A = (n), respectively: 

imm(in) = det, imm(„) = per. 
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When A is not commutative, the two expressions in (16.11) do not coincide in general, 
so that we should consider the following two functions independently: 



column-immAX = ^ Xxicr)Xa{i)i ■ ■ ■ X^^n)n, 
row-immAX = ^ Xx{<^~^)Xia{i) ■ ■ ■ X„<^(n)- 



Additionally we consider 



double-immA X = ^ xx{<y)xx{<y' ^)X^{i)„,{i) ■ ■ ■ X^{n)a'{n), 



ct,<t'£S„ 



symm-immAX = ^ ^ Xx{<Jcr' '^)X„(^i)^>(_iy ■ X^(^n)a'{n)- 

These names are parallel to those of the noncommutative determinants in Section H] and 
[II]^[l6], |IUj . These four functions are all equal to imm^X, when A is commutative: 

Proposition 6.1. If A is commutative, we have 

column-immA X = row-immA X = double-immA X = symm-immA X. 

This coincidence is easy from the following two relations of the irreducible characters: 

(6.2) l^nl^ = Yl Xxiaa'-')xxia'), xxicr) = XxicJ-'). 

The first relation holds for general finite groups, and the second one is deduced from the 
fact that the irreducible representations of Sn are all over R. 

Proof of Proposition \6.1[ The equality between "double-imm" and "column-imm" is shown 
as follows: 

xx{(y)xx{(y'~'^)X^(iyi{i) ■ ■ •X^(„)<^'(„) 

= ^ Xx{(^(^')Xx{(^'^^)X„^i(j,yi{i) ■ ■ ■ X^^/(„)^/(„) 

= X] XA(o-cr')XA(o"'"^)X^(l)l ■ • ■X<^(„)„ 
V — V Tl\ 

Here we replaced a by aa' in the first equality. Moreover, we changed the order of Xjj's 
in the second equality. The third equality is from the first relation of (16.21) . 

The proofs of the other equalities are similar, so that we omit them. □ 

The following relation follows from the fact that xx is a class function: 

Proposition 6.2. Even if A is noncommutative, we liave 

symm-immA a^^Xa = symm-immA X 
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for X G Mat„(^) and a E Sn- Here we deGne the left and right actions of a E Sn on 
Mat„(^) by 

0'{^ij)l<i,j<n = (^cr-i(i)j)l<ij<ra, {^ij) l<i,j<nC = {^ia{j)) l<i,j<n- 

In particular, we have immx a~^Xa = inline X, when A is commutative. 

6.2. The Cauchy-Binet identity is known for determinants. Namely, when the entries of 
n X n' matrix X and n' x n" matrix Y are commutative, we have 



det(XF)/i^= detX/jdetFji^. 



We have a similar relation for immanants: 

Proposition 6.3. Consider two matrices X G Matn_„/(^) and Y G Mat„',„"(^). When 
A is commutative, we have the following relation for I G [n]^ and K G [n"]^; 

immx{XY)iK = ^^"^^ ^ immA X/j imm a Yj/^. 

^' J6[n']P 

The higher Capelli identity given in |01] can be regarded as a noncommutative analogue 
of this relation (we will discuss this in Section [9]). 

Proof of Proposition \6.3[ This is seen from the following calculation: 

double-immA(XF)/x 



^' Je[n']PcTeSp a'eSp 
_ XjX) column-immA X/j row-immA VjE". □ 

^ j£[n']P 

6.3. Next we introduce a fundamental matrix function expressed as a sum of immanants. 
This is invariant under the conjugation by GL„(C), and this invariance follows from 
Proposition 16.31 when the matrix entries are commutative. 

We assume that A is not necessarily commutative. A simple calculation shows 

column-immA X// = row-immAX//= symm-immA X//. 

Ie[n]P lG[n]P lG[n]P 

Let us denote by "immA,pX" this quantity divided by p\. We can also express this as 



immA,p X = — symm-imm;^ X// 



as seen from Proposition 16. 2[ We can regard this function "immA,p" as the counterpart of 
"detp" given in Section HI This function is invariant under the conjugation by GLn{C): 
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Proposition 6.4. For any g G GLn{C), we have immx pX = immx^pgXg"^. 

This proposition is immediate from Proposition 16.31 when A is commutative. We will 
prove the noncommutative case later as a corollary of Proposition 16.71 (iii). 

For X G Mat„(C), this quantity imm^^pX is equal to the Schur polynomial in eigen- 
values of X. We will discuss this issue in Section 16.61 

6.4. Let us consider the following quantities determined by X G Mat„(^): 
column-preimm X = crXo-(i)i ■ ■ ■Xa-(n)n, 

row-preimmX = ^ Xi^(i) ■ ■ ■ X„<^(„)0-^\ 

symm-preimmX = ^ o-X<^(i)^/(i) ■ ■ ■ X<^(„)^/(„)cr'~\ 

These are elements of the algebra 'CSn®A, in which the two algebras A and CSn commute 
with each other. In this article, we call these CS'n ® ^-valued matrix functions the 
"preimmanants" or the "predeterminants," because the immanants and the determinants 
can be obtained from these by applying the character x\ and the signature function: 

column-immAX = XA(column-preimmX), 
row-imm^X = XA(ro"w-preimmX), 
symm-imm;^X = XA(symm-preimmX). 

Here we define the linear map x\ '■ <S) A ^ Ahj x\(t ® o.) = Xxi't)'^- We also put 

column-imm°X = (column-immX)°, 
row-imm°X = (row-immX)°, 
symm-imm°X = (symm-immX)°. 

Here we define the antiautomorphism t h-* t° on CSn by a° = a^^ for a G 5*^. Moreover 
we extend this to a linear transformation on CSn ® A hj {t ® a)° = t° ® a. 
When A is commutative, we have 

column-preimm X = row-preimm X = symm-preimm X, 
column-preimm° X = row-preimm° X = symm-preimm° X 

by a simple calculation. Let us denote these two quantities by 

preimm X, preimm° X, 

respectively. These two are connected by the transposition: preimm *X = preimm°X. 
For the actions of Sn on Mat„(^) given in Proposition 16.21 the following relations hold: 

Proposition 6.5. We have 

column-preimm (aX) = (T(column-preimmX), 

row-preimm(Xcr) = (row-preimm X)(T, 
symm-preimm (aXo"') = cr(symm-preimmX)(T', 
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column-preimm°(crX) = (column-preimm° X)(T, 

row-preimm° (Xcr) = o"(row-preimm° X), 
symm-preimm°(crXcr') = cr'(symm-preimm° X)(T. 
We can regard Proposition 16.21 as a corollary of this proposition. 

6.5. Under the assumption of commutativity, Cauchy-Binet type identities still hold for 
the preimmanants: 

Proposition 6.6. When A is commutative, we have the following relations for X G 
MaXn,n'{A), Y e Mat„,,„//(^) and I G [n]P, K e [n"]P: 

pYeimm(XY)jK = — preimm X/j preimm Yj/^ 
pi 

^ Je[n']p 

= — preimm X/ J preimm Yj/f, 

preimm°(Xy)/;^ = — > preimm" Yj;^ preimm° X/j 
pi 

= — preimm° Yjk preimm° X/j. 



The proof is almost the same as that of Proposition 16.31 so that we omit it. 

In Section [9l we will obtain noncommutative analogues of this proposition, which are 
regarded as translations of the higher Capelli identities. 

Proposition 16.61 does not hold in general if A is noncommutative, but we can consider 
an analogue of imm^^p without the assumption of commutativity. 

Proposition 6.7. Even if A is noncommutative, the following assertions hold: 

(i) We have 

column-preimm X// = row-preimmX// = symm-preimm X// 

l£[n]P Ie[n]P Ie[n]P 

= column-preimm° X// = row-preimm° X// = symm-preimm° X//. 

Ie[n]P l£[n]P l€ln]P 

We denote by "preimm^X" this quantity divided by p\. 

(ii) The quantity preimm^X is commutative with any element in CSp. 

(iii) The quantity preimm^X is invariant under the conjugation by GLn{C). 

Proof of Proposition [6771 (i) and (ii). A simple calculation shows us 

column-preimm X/7 = row-preimm X// = symm-preimm X//. 

Ie[n]P Ie[n]P Ie[n]P 

This quantity commutes with any element in CSp. Indeed, we have 

0""^ (symm-preimm X//)(T = symm-preimm(cr~^X7/(T) = symm-preimm Xo-(/)o-(/) 

using Proposition 16. 5[ Since we have t = t° for any central element t in CSp, we conclude 
(i) and fii). □ 
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We will show Proposition 16.71 (iii) using the algebra T{V, V*) in Section [71 

6.6. The immanant and the preimmanant have interesting relations with symmetric 
functions. Let X be a matrix in Mat„(C). Then, as mentioned in Section 1.4 of |01] or 
Section 2 of [00] . the following relation holds: 

Proposition 6.8. We have 

immA,pX = sx{ai, . . . ,a„). 

Here s\ is the Schur polynomial, and ai, . . . , a„ are the eigenvalues of X. 

Proof. It suffices to consider the case when X is triangular, because both sides are invari- 
ant under conjugations. In this case, the assertion follows from the relations 

where the first relation is well known formula (for example (7.35) in [S]) and the second 
relation is equivalent to (Ind5.^1,XA) = Kx^ (Proposition 7.18.7 in [S]). Here mx is 
the monomial symmetric polynomial, Kx^ is the Kostka number, and S*^ is the Young 
subgroup Sfj_-^ X ■■■ X of Sp determined by = (/ii, . . . , fii) \- p. □ 

Next, let us interpret the preimmanant in the context of symmetric functions. We 
denote by Class(S'p) the set of all class functions on 5*^. This can be identified with 
the center ZCSp of CSp through the canonical inner product on Class(S'p). Moreover, 
through the Frobenius characteristic map, we can identify Class(S'p) with Symm^, the set 
of all homogeneous symmetric functions in xi, X2, . . . of degree p (Section 7.18 of [S]). For 
example, the following three elements correspond to each other through this identification: 

sx E ZCSp, xx ^ Class(5'p), sx G Symm^ . 

Here we put sx = ^ J2aeSp Xx{o')a for A h p. Then the following is easy: 

Lemma 6.9. We have t = X^Ahp Xx{t)sx for any central element t in CSp. 

Applying this, we have 

(6.3) preimmpX = ^immx^pX ■ sx = ^ sx{ai, . . . , an)sx. 

X\-p Xhp 

We can regard this relation as the counterpart of the Cauchy identity (Theorem 7.12.1 
in [S]) or the irreducible decomposition of the regular representation of Sp x Sp on CSp 
through the identification ZCSp ~ Class(S'p) ~ Symm^. 
We can generalize (16. 3p as follows: 

Theorem 6.10. We have 

preimmpX = ^sxiai, . . .,an)sx = ^mx{ai, . . .,an)hx = ^—Pxiai, ■ . .,an)px- 

Xhp Xhp Xhp ^ 

Here, mx and px are the monomial symmetric polynomial and the power sum symmetric 
polynomial, respectively. Moreover, hx and px in ZCSp denote the counterparts of the 
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complete homogeneous symmetric function hx and the power sum symmetric function px 
in Symm^. Namely we put 

\Sp\\S\\ F- ir^. 

Here Conj;^ C Sp is the conjugacy class corresponding to A, and zx means zx = pl/\ Conj;^ |. 

These hx and px correspond to Ind^^ 1 and Iconj;^ in Class(S'p), respectively. Here Iconj;^ 
is the characteristic function of Conj;^: 



lConj;,(f^) 



1, cr G Conj;,, 
0, a ^ Conix ■ 



7. IMMANANTS AND EXTENSIONS OF THE TENSOR ALGEBRA 

In Section |U we used the exterior algebra in order to treat noncommutative determi- 
nants conveniently. Replacing the exterior algebra by the algebras T{V), T°{V), and 
T{V,V*), we can treat the noncommutative immanants similarly. We can regard this 
approach as a kind of generating function method. This method plays an important role 
to treat the quantum immanant in Section [81 

7.1. Before going to the main subject, we note a natural construction of extensions of 
bilinear maps. Let Ui, U2, and f/3 be three C- vector spaces, and consider a bilinear map 
(•,•): Ui X U2 — >■ f/3. We consider another C- vector space A, and define bilinear maps 

(-,%: UixU20A^U-i0A, {■, ■) L- Ui A X U2 ^ U3 A 

by {ui, U2 ® a)ji = {ui, U2) ® a and {ui ® a, U2) l = (wi, M2) ® a- Let us denote these (•, ■)r 
and (•, ■)l by the same symbol (■, ■), when no confusion arises. All bilinear maps which 
we use in this section are defined from the bilinear maps given in Section 15.31 in this way. 

7.2. First, let us see how to treat the column- immanant and the row- immanant. 

Let A be an associative C-algebra, and fix X = (-^ij)i<i,j<n £ Mat„(^). We consider 
an n-dimensional C-vector space V and work in the extended algebra T{V) Ain which 
the two algebras T{V) and A commute with each other. 

Fix a basis ei, . . . , e„ of ^ and its dual basis ej, . . . , e* . We consider = J2^=i ^i^ij ^ 
T{V) ® A. Then we have 

« ■ ■ ■ Op ■ ■ ■ Oi) = « ■ ■ ■ Yl ^^p'" ^k^Xkpj^ ■ ■ ■ Xk,j,) 



J\\ ii ^ip^^^tT(p) '^V(i)/"^'-V(p)Jp ^^^o(i)3l 

UdSr, 



^ siaXi^^^^j^ ■ ■ ■ Xi^^^^ 

cr£Sp 

column-preimm Xjojo . 
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Here, we see the third equahty, because (12.11) imphes 



e. ■■ - e 



Moreover, we see the fourth equahty, because sj = J2(T'e{Sp)i ^^'^ 



(TG5p 




"^«<T{i)ii 


for a' e (Sp)/. 

we nave a siiiiiiai calculation loi — / ^ 
lemma holds: 


"=iXije* G T°(V*) Thus, the following 


Lemma 7.1. For /, J G [n]^, we iiave 






column-preimmX/ojo = 


= (e* ■ --e* f • 




column-imm^ X/ojo = 






row-preimm X/ J = 


~ (Oi ■ ■ ■ Op5 ^ip 


■ ■ ■ ^ii ) ' 


row-immAX/j = 


~ (^1 ■ ■ ■ Op5 ^ip 


■■■eii)A. 


Similarly, for 7* = V" -, X.e* G f "(V*) 
have the following lemma: 


(g) ^ and 7i = 


E;=ie,X,, G f(F) we 


Lemma 7.2. For I, J & [n]^, we have 






column-preimm° X/j = 




^ip); 


column-immA X/ J = 


= (7,p---7,i,en' 


' ^ip)\-, 


row-preimm° X/o jo = 




■ ■7n), 


row-imm^ X/ojo = 




■ ■7n)A- 


7.3. To treat the symmetrized immanant, 
the following element of T(y,V*) ^ A: 


the algebra T(V, y*) is useful. We consider 


n 

^ = ^ ] CiXijCj = 


n n 

j=i i=i 



Then, we have 

■ ■ ■ e^p o o ejp ■ ■ ■ 

= XI ^ii ■ ■ ■ ^ip ^ ^fcp ■ ■ ■ efciXfc.z, ■ ■ ■ Xk^i^e*i^ ■ ■ ■ o cj^ ■ ■ ■ cj, 

K,Leln\P 

yT/T^ii ■ ■ ■ % ^ ^*<T(p) ■ ■ ■ ^i<T(i)^i<.(i)ia'{i) ■ ■ ■ "^v(p)ia'(p)Sa'(i) ■ ■ ■ ^i<T'(p) ^-Jp ■ ■ ■ ^-^'l 

(T,(T'eSp 

^ X ^"^V(i)i<T'(i) ■ ■ '"^vcpjia'cp)^ 

<t,(t'g5p 

= p! symm-preimm Xjj. 
Here, we used Proposition 15.21 to show the first equality. Thus the following lemma holds: 
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Lemma 7.3. For I ,J E [nY, we have 

symm-preimm X/j = e*^ ■ ■ ■ e*^ o S^^^ o Cj^ ■ ■ ■ e^^, 
symm-imni;, X/j = XA(e*^ ■■■4^o ^^^^ <> " " " eiJ- 
Here, x^^^ denotes the divided power: x'-'^^ = ^x'^. 

Moreover, we can express preimnip and imm>, p as follows: 
Lemma 7.4. We have 

preimnipX = (H*-^-*), imniA^pX = — sjmm-imm ^^Xjj = (S*-^'*)a. 

^' ie[n]p 

We can also express "symm-preimm°" using the following element of T{V, V*) ® A: 

n n n 

i,j=l i=l j=l 

Lemma 7.5. For I, J E [n]^, we have 

symm-preimm° Xjj = e*^ ■ ■ ■ e*^ o T^^^ o e^^ ■ ■ ■ , 
symm-imm^ Xjj = Xxi^*^ ' ' ' ^ip ^ ^^^^ ^ e^^, ■ ■ ■ CiJ. 

Moreover, we have 

preimnipX = (r*-^-*), immA,pX = — symm-imm^ X// = (r*-^'*)A. 

^' ie[n]p 

Using Lemma \7A\ we can show Proposition 16.71 (iii), namely the invariance of preimm^ 
under the conjugation by GLn{C). This also concludes Proposition 16 .41 

Proof of Proposition 16. 71 (iii). Fix g = {gij) G G'L„(C), and put = Y17=i^i9ijy so that 
ei, . . . , e„ form a basis of V. We can express the dual basis e^, . . . , e* as e* = Yl]=i ^*j9^^ i 
where g"^^ is the (z, j)th entries of g~^. We put 

n n 

-gXg-^ = ei{gXg''^)ije*, = ^ eiXj^e*. 

i,j=l i,j=l 

Then, we can easily see that these are equal: EgXg-^ = Sx- Thus we have 
preimmp5fX(7"^ = {'^^gXg-i) = (S*-^-*) = (S^*'^) = preimmpX. 
Indeed, ( ■ ) does not depend on basis chosen. This means the assertion. □ 

Besides Proposition 16.71 (iii), we can easily see various relations in Section [6] from the 
lemmas in this section. For example. Proposition 16.51 is immediate from these lemmas 
and the properties of (■, ■) and (•). Proposition 16.71 (ii) is also easy from Proposition 15. 3[ 

This method is more effective against the quantum immanants as seen in the next 
section. 
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8. Quantum immanants 

The quantum immanants are a generalization of the Capelh elements, and form a basis 
of the center of the universal enveloping algebra U{qI^) as a vector space. These were 
first introduced in [Olj . and have been studied by using the i?-matrix method, fusion 
procedure, and representation theory of the Yangian F(gl„) ( [01] . |02j . |00] . [Ml] , |M2] . 
|N2] ). In this section, we employ the expressions of immanants given in the previous 
section instead of these standard methods, and show various relations for the quantum 
immanants. Most of these relations were already given in [01] (and the others can also be 
shown by the same method). Thus it is not that our approach is stronger than established 
ones, but the author thinks that our method has its own advantage as a natural analogue 
of the usual generating function method. In other words, our approach is regarded as 
an advanced version of the exterior calculus in the study of the Capelli type identities in 
HU], M-M, ini-inS], nil, [m] (and also in Section H of this article). 

It is also interesting that the notion of "quantum preimmanant" naturally appears. 

8.1. First, we recall some notions and facts of from the representation theory of the 
symmetric group. See [JKj and |Ulj for the details. 

We identify a partition with the corresponding Young diagram. For a cell of a 
Young diagram, we call the number j — i the content of the cell. For example, for the 
Young diagram corresponding to (4, 3, 1), each cell has the following value as its content: 

12 3 
-1 1 
-2 

Let STab(A) be the set of all standard tableaux of shape A. For T G STab(A), we put 
cr(fc) = j — ^, when the kth cell is For example, we have ct{1) = 0, ct(2) = — 1, 

and ct{3) = 1 for the tableau 

r = 2 ^ G STab(2,l). 

We consider the Young orthogonal form px of the irreducible representation of Sp de- 
termined by a partition A h p ( |JK] . [01] ). We denote by vt the vector in the Young 
orthogonal basis corresponding to T G STab(A). Moreover, let Pa(c")tt' be the (T, T')th 
matrix entry of P\{(t). Namely, we define this by 

P\{(t)vt = ^ Px{(y)TT'VT' ■ 

T'eSTab(A) 

We can describe the matrix entries of p\{si) as follows. We put rxii) = cxii + 1) — C7^(0- 
Then, for T G STab(A), we have 

p\{si)vT = rT{i)vT, 

when SiT is non-standard (in this case, rxii) is equal to ±1). Here we consider the natural 
action of permutation in Sp on a tableau. When T' = SiT is standard, we have 



{p\{Si)vT p\{Si)vT') = {vt Vt') 



-1 VI -r-2 



^/l — r 2 —r ^ 



where r = rj'(i). Using these and the recurrence formula (18. ip . we can prove Proposi- 
tion [HH] by induction on i. 



30 MINORU ITOH 

Finally we consider the Jucys-Murphy elements Xk G CSp ([J], |Ulj ): 

fc-i 

Xk = k) = {1 k) + {2 k) + --- + {k-l k). 

i=l 

For k = 1, we put Xi = 0. Then px{xi) is diagonal, and its entries are expressed in terms 
of contents: 

Proposition 8.1. We have px{xi)vT = CT{i)vT, namely px{xi)TT' = SxT'Crii)- 

This can be proved by using the recurrence formula 
(8.1) a^i+i = SiXiSi + Si 

and the description of the matrix entries of px{si) above. 

8.2. The main objects of this section are the following elements in the universal envelop- 
ing algebra f/(g[„): 

= ^ E E PA(a)TTi?,^(,,,,(cT(l))i?,„,,,,,(cT(2)) ■ ■ ■ E,^,^,,,{ct{p)) 
.Je[n]PaeSp 

Je[n]Pa-eSp 

= ^ E E P>^i^'')TTE,^,rP.i-CT{p)) ■ ■ ■i5,.(.)..(-CT(2))%,,,,,(-CT(l)) 

Je[n]PcTeSp 



Xa(1) 



E PA(a)TTi?,u.(,)(-CT(l))i?,,i.(,)(-CT(2)) ■ ■ -i?,,, ,(p)(-ct(p))- 



n! 

Here A is a partition of p, and T is a standard tableau of shape A. We will see that these 
Gx and are central in U{gl^), and these expressions do not depend on T G STab(A). 
These can also be expressed as 

Gx = Xx{Gp), G°x = Xx{G°), 

where we define Gp and (7° G CSp ® U{qI^) as follows (these are also central): 

^ ^ E E '^-^i<T(i)ii(^i)-^i<.(2)i2(^2) ■ ■ ■ Ej^^^^jpixp) 

J&[n]P aeSp 



E ^jpja(v)i^p) • • •-^j2j^m(^2)-£^jij^(n(a^i)q' \ 

'^p = ^ E E ■ ■ ■ EM2)ni-X2)Ej^^^^j,i-Xi)a- 

,Je[n]p aeSp 

= ^ E E ^^iii.(i)(-^i)^J2M2)(-2^2) ■ --Ej^j^^ J-Xp). 



,Je[n]p aeSp 

We will show the equivalence of these various expressions later. 
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We can regard Gx and (resp. Gp and G°) as modifications of immx^pX (resp. 
preimnipX). Indeed, the highest terms of these elements with respect to the canoni- 
cal filtration of U{qI^) are equal to immx^pE and preimm^i?, respectively. To be more 
specific, Gp and G° are obtained by modifying ^ ^^preimmX// and ^ preimm° X//, 
respectively. It is interesting that two different modifications naturally appear. 

The second central element of U{gl^) is known as the "quantum immanant" [Olj 
(this is denoted by Sa in |01j ). Thus, it is natural to call G° the "quantum preimmanant." 
As seen in Section |9], we have beautiful Capelli type identities for the quantum immanant 
G°^ (the higher Capelli identities). This fact seems to indicate that G° is more fundamental 
than Gp, though "preimm" is simpler than "preimm°" in Proposition 16.61 

It is easily seen that these two are related by the automorphism of U{gl^) defined by 
Eij ^ -Eji as follows: Gp ^ {-yG°p. 

Remark. When A = (P), we can express Gx and as follows: 



^(ip) = ~r / column-det(£'jj — diag(0, 1, . . . , n — 1)), 

^' JG[n]P 




In particular, G°^p^ is equal to the Capelli element Gp seen in Section HI Similarly, we 
can express G(p) and G°^<^ in terms of column-permanent (G^^-j was first given and studied 
in [NT]). 

Let us express these elements using the algebras T(y), T°(y), and T{V,V*). Under 
these expressions, we can easily show various relations for these elements. 

8.3. Let V be an n-dimensional C-vector space with basis ei, . . . , e„, and consider C,j = 
Yl^=i ^iEij e ^'(V") ® t/(g[„). Then we have the commutation relation 

n 

(8.2) ^,^1 = J2 eiCkEijEki 

i,k=l 
n 

= ^ eiek{EkiEij + Eii5kj — EkjSu) 

i,k=l 

= Uj-{l 2) + ^le, - ei^j, 

namely 

Cj{Ci + ei-{l 2))=a^, + e,-il 2))-(l 2). 
This can be generalized as follows: 

Lemma 8.2. We put ^j{u) = ^"^j^ CiEijiu) = + eju. Then we have 
Here we dehne yk G CSp as follows (for k = 1, we put yi = 0): 

k-l 

y, = J](l z + 1) = (1 2) + (1 3) + ■ ■ ■ + (1 A;). 

i=l 
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This relation can be regarded as an analogue of (14.71) in the exterior algebra. 
Before proving Lemma 18.21 we consider G CSp defined by 

k-l 

^l = ^ip-i + '^ p-k+1). 

i=l 

For k = 1, we put xl = 0. The elements Xk, xl, and i/k are connected by the relations 

(8.3) e-'x,e = x°, a^-\y,) = x°, 

where e is the following element in Sp-. 

'1 2 ... p-l p\ 
p-1 ... 2 iJ- 

Proof of Lemma 18.21 By a simple calculation, we have 

(8.4) i^i + eiyi){^j + ejyi+i) 

= ^i^j + eieja{yi)yi+i + eiija{yi) + iiCjyi+i 

= {^j^iSi + ^jCi - ej^i} + ejeiSia{yi)yi+i + ^jeiSia{yi) + ej^iSiyi+i 
= ^j^iSi + ejeiSia{yi)yi+i + ^jeiSi{a{yi) + si) + ej^iSi{yi+i - si). 
Here, in the second equality, we used (18. 2p . Since we have 

sia{yi)si = yi+i - si, Siyi+iSi = a{yi) + si, a{yi)yi+i = yi+ia{yi), 
sia{yi)yi+i = {yi+i - si)siyi+i = yi+iSi{yi+i - si) = yi+ia{yi)si, 
the last line of (18. 4p is equal to 

^j^iSi + ejeia{yi)yi+isi + ijdyi+iSi + ejiia{yi)si = {^j + ejyi){ii + eiyi+i)si. 
This means the assertion. □ 

We see the following from Lemma [8721 because c^iiyk+i) = 6(z/fe+i)'^(^) ^ ^ ^k- 
Corollary 8.3. For a G Sp, we have 

^ip{yi)^ip-i{y2) ■ ■■^h{yp)(y = ^v(p)(yi)6„(^_i)(i/2) ■ --^i^^.^iyp)- 

Namely, the element ipj = C,jp{yi)C,jp_i{y2) ■ ■ ■ ^jiiVp) satisGes the relation ( |5.J)) . 
Recalling Proposition 15.41 (ii), we put 

= {el ■ ■ ■ e;, 0,(z/i)0,_i(l/2) ■ ■ ■ ^niyp)), 

^ Je[n]p 



Gr, 



^' Je[n]P 

^' Je[n]p 



V 
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The last equality is seen from the second relation of fl8.3p . Moreover we put 

pi ^-^ 

We aim to prove the following theorem: 

Theorem 8.4. The element Gp is central in CSp U{Qln)- 

Corollary 8.5. The element G\ is central in f/(gl„). 

First, the following is a consequence of Proposition 15.41 (ii): 

Proposition 8.6. The element Gp commutes with any element in CSp. 

Thus it suffices to show the commutativity with elements of ?7(g[„). For this, we note 
the following relation. This is seen by a straightforward calculation (see [01] or |IU] for 
the details of the proof). 

Lemma 8.7. The matrix E satisfies the following relation for any g G GLniC): 

Adig)E = 'g-E-'g-\ 

Here Ad{g)E means the matrix {Ad{g)Eij)i<ij<n- 

Combining this lemma and Proposition 18.91 we can show the invariance of Gp under 
the conjugation by GL„(C) in a way similar to that of Proposition 16.71 (iii). 

Theorem 8.8. We have Ad{g)Gp = Gp for any g G GLn{C). In particular, Gp commutes 
with any element of gl^. 

Theorem 18.41 follows from this and Proposition 18.61 

Proof of Theorem 18.81 Using Lemma 18.71 we have 

i,Jeln]p 

= E e,^---e.A'9-E-'g-X,M)---C9-E-'g-%,,Ax;)el---el 

I,j£[n]P 

= ^ip' ' ' (^iiEipjp{xi) ■ ■ ■ Ei^j^{Xp)ej^ ■ ■ ■ ij^. 

I,Je[n]P 

Here we put Cj = J2]j=i^j9ij — Sr=i^i5'*"'; ^^^^ these are dual bases of each 

other. Applying (■) to this and using Proposition 18.91 we obtain the assertion, because 
(■) does not depend on basis chosen. □ 

Let us find other expressions of Gp. From Proposition 15.41 (i), we see 

(8.5) Q-{iW{J) = a-'G'-^a'. 

Noting this, we can express G^"^ and Gp as follows: 

Proposition 8.9. We have 

G^^ = E ^-^i<T(p)ip(^i)-^V(p-i)ip-i(^2) ■ ■ ■ 

CJdSp 

~ ^-^*<T(i)ii(^i)-^V(2)i2(^2) ■ ■ ' Ei^^ppp{xp), 
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7G[n]P o-,(7'e5p 

Proof. Using the second relation of fl8.3p . we have 

/e[n]p 

The first expression of G^'^ follows from this in a way similar to the proof of Lemma I7.1[ 
Moreover, using flS.Sp and the first relation of fl8.3l) . we have 

QIJ = ^Qe{I)e(J)^-l 

~ ^ ^-^*e<T(p)ie(p) (^l)-^«c<T(p-l)i£(p-l) (^2) ■ ■ ■ -^«£<T(l)ie(l) ("''p)^ 

~ -^«e<T(p)ie(p) (^l)-^«e<T(p-l)ie(p-l) (^s) " " " -^ie<j(l)i£(i) (^^p)- 

Replacing a with £:~^cr£:, we have 



) v-^pJ 



o"G5p 



*<T(p)ipv^pJ 



This means the second expression of G^'^ . The expressions of Gp are shown similarly. □ 

We can express G\ simply in terms of contents of the Young diagram A as follows: 
Theorem 8.10. For any T G STab(A), we have 

= (h(cH1))---H(ct(p)))^ 

= 4(2(ct(1))---SMp))),. 

In particular, these expressions do not depend on T. Here we define by = 

eiEij{u)e* = E + UT, and we put = Pa(($))tt for $ G Tp^p{V, V*). 

Proof. Note that px{A) is a "scalar matrix" (namely px{A)tt' — ^tt' ^^(^i) Xa(^)) by 
Schur's lemma, when A G CSp ® A commutes with any element in CSp. Thus we see 
the last equality of the assertion, because (S(ct(1)) • • ■S(ct'(p))) commutes with any el- 
ement in CSp. Similarly we have G\ = Xx{^)P\{Gp)tt- Noting this and the relation 



EXTENSIONS OF THE TENSOR ALGEBRA AND THEIR APPLICATIONS 35 

P\{xi)TT = cr(0 Proposition 18.11 we can express G\ as 



Xa(1) 



p. 



This can be rewritten as 



^' Je[n\p 

= ^ E (^..(^Hl))---e..(cT(p))e;---e*^)^ 

^ J&[n\v 

= ^(S(cH1))---S(cHp)))^. 

Here we put ((^*, (^)t = Pa((<^*, <^))tt for v?* e T;(\/*) and G Tp(y). □ 

8.4. By a similar calculation, we can obtain expressions of Gx corresponding to the row- 
immanant as follows. We consider i*{u) = YTj=i ^iji'^)^] T°(y*) ® f/(0[„). Then the 
following relation holds: 

Lemma 8.11. We have 
and in particular 
Noting this, we put 



and 



crGSp 

^ ^ E ^A = XxiG'p). 

These G'p and G\ are central in CS'p® f/(0t„) and f/(0[„), respectively. We can also express 
these as 



(8-6) ^; = i E E ^^M.)V(.)(^p)---^. 



^ Ie[n]P a,a'eSp 



V(i)V(i) V^^lJ^ 
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Xa(1) 



(8.7) = ^ E E ^'.V(.)(ct(p)) ■ ■ ■i?nv(.)(cT(l))pA(a-^)TT 

I&[n]Pcr£Sp 

= ^(S(cHp))---S(cH1)))^ 

= ^(sMp))---smi))),. 

Hence we have G\ = because S(ct(p)) ■ • •H(ci-(1)) = S(cr(l)) ■ ■ ■S(ct(p)). Noting 
Lemma [6.91 we also have Gp = G'^. 

Remark. It seems not easy to see this equahty Gp = G'^ without using the expressions of 
G\ and G'^ in terms of contents. 

8.5. We can deal with G^ and G^' similarly. We define 'y*{u) G f°{V*) ® f/(gl„) and 
7,(u)eT(V^)®f/(gU by 



Then we have the following commutation relations: 
Lemma 8.12. We have 

lii-yi+ihji-yi) = sii*{-yi+ih*{-yi), ii{-yihj{-yi+i) = ij{-yihi{-yi+i)si 

and in particular 

%p{-yihip-i{-y2) ■ ■■ih{-yp)(y = 7v(p)(-i/i)7v(p_i)(-y2) ■ ■ -li^^r^-yp)- 

Noting this, we put 

= (ini-yphU-Vp-^) ■ ■ ■7;(-yi),e., ■ ■ -e,) 

~ -^i<T(i)ii (~^p)-^*<T(2)i2 (^^p-i) ■ ■ ■ -^V(p)ip("~^i)^ 

~ -^«<T(p)ip(~"^p)-^V(p-l)ip-l(~-^P-l) ■ ■ ■ ' 



G"'' = (4---e;,7.,(-Z/i)7w(-y2)---7n(-Z/p)) 

= E ^^W.(p-i)(-^?)^ip-iJ.(p-2)(-^2) ■ ■ - 



«1J<t(1)V "''pJ 



crGSp 



and moreover 



^ Ie[n]P ^ Ie[n]P 



Then we have 



JG[n]P a,a'eSp 
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(8.9) g;' 

(8.10) Gl 



(8.11) G 



Combining these, we see that G\ = G°^ and in particular G° = G°'. The quantity 
G°^ = G°^ is known as the "quantum immanants" ( [01] . |00j ). Thus it is natural to call 
G° = Gp the "quantum preimmanant." 

We can also deduce these relations from the results in Sections 18.31 and by applying 
the automorphism of U{qI^) defined by Eij i— > —Eji. 

Most of various relations in this Section 18.51 were already given in |Ulj . However, it is 
interesting that we can deduce these relations by simple calculations using our algebras. 

8.6. Combining these relations, we can also express G\ as 

(8.12) Gl= ;^E'^^(^^^iMi)(-^i)---^v.(.)(-^p))- 

/e((';l))° ' "^^^ 

Here we put 

This expression was given in [Ulj . Using this expression, we can calculate the eigenvalue 
of G\ on the irreducible representation tt^ of 0[„ determined by a partition yU. The result 
is as follows (see Section 3.7 of |01] for the details of this calculation): 

T a 

Here T runs over all reverse semistandard tableaux of shape A with entries in {1, . . . , n}, 
and a runs over all cells in the Young tableau /i. Moreover T{q) means the number in a, 
and Ca means the content of the cell a. 
Similarly, G\ is expressed as 

(8-13) Gx= J\Y^ Pxi^Ei^dM^i) ■ ■ ■^v(p)v(^p))' 

/e(C3 '-esp 



Je[n]P cr,cr'eSp 

Xa(1 



P 



pi 
Xa(1 



pi 

pV 
Xa(1 



pi 
Xa(1 



pi 



pi 



Je[n]P creSp 

.(S(-Ct(p))H(-Ct(p - 1)) ■ ■ ■ S(-Ct(1)))t 
-Ct(p))H(-Ct(p-1))---H(-Ct(1)))a, 

■{E{-CT{im-cr{2))---E{-cr{p)))T 
-ct(1))S(-cH2))...S(-ct(p)))a. 
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and we can calculate its eigenvalue as follows: 

T a 

The proof is almost the same. Here T runs over all semistandard tableaux of shape A 
with entries in {1, ... , n}, and a runs over all cells in the Young tableau /i. 

On one hand, these expressions fl8.12l) and fl8.13p can be regarded as the counterparts 
of the definition of the Capelli elements (14.11) . and we can calculate the eigenvalues easily 
under these expressions. On the other hand, the expressions of Gp, G\ and G", 
given in Proposition EH Theorem ElO] and ([HID, (i2D, dHl]), flHriOD . fl8^ . flHUD are 
corresponding to the expression of the Capelli elements given in Corollary 14.31 Under 
these expressions, we can show the centrality of these elements easily. 

Similar phenomena on contrastive expressions are also known in the universal envelop- 
ing algebras t/(o„) and f/(sp„). First, central elements of f/(o„) expressed in terms of 
the column-determinant were given in |Waj , and we can easily calculate their eigenvalues. 
These elements can also be expressed in terms of the symmetrized determinant, and we 
can easily show their centrality under this expression ([E]). Similar central elements are 
given in [/(sp„) in terms of permanents ([IS]). It is natural to expect good bases of the 
centers of U{On) and f/(sp„) which contains these elements and can be regarded as ana- 
logues of the quantum immanants. The author hopes that our extensions of the tensor 
algebra are useful to construct such bases. 

9. Higher Capelli identity and its analogue on tensor algebras 

The method in the previous section is also useful to show a Capelli type identity for 
the quantum immanants, namely the "higher Capelli identity." Several proofs are already 
known for this identity ( |01j . [02] . [N2j . [M2j ) . and the proof given in pvl2j is particularly 
simple. Our proof is similarly simple and parallel to the easy proof of the original Capelli 
identities using the exterior calculus given in [15] or [13] (cf. Section H] in this article). 

Furthermore, we give the "higher version" of Theorem O in /:(C"(g)C'' ). We can also 
assemble them in terms of the quantum preimmanants. 

9.1. We work in the following situation. The general linear group GLn{G) naturally acts 
on C"(g)C" and moreover the space P(C" (S> ) of all polynomial functions on C" ® C" . 
The infinitesimal action tt is expressed as follows: 

n' 

■K{Eij) = y^^Xikdjk. 

k=l 

Here is the standard coordinate of C" (8> C"', and dij means the partial differentiation 
dij = Let us express this relation as 7c{E) = X^d using the following matrices 

E e Mat„V(s[„)) and X, 9 G Mat„,„,(PP(C" O C"')): 

E = {Eij)l<i^j<n-, X = {Xij)i<i<n,l<j<n' , 9 = {dij)i<i<n,l<j<n' ■ 

Then we have the following relation. This is called the "higher Capelli identity" |01j . 
Theorem 9.1. We have 

vr(G'^) = ^ immAX/i^immA^/x- 

^' Ie[n]P,Ke[n']P 
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This relation can be regarded as a generalization of the Capelli identity, and has an 
interpretation in the dual pair theory as follows (see also [Olj . |Hoj . |HUj . [I3], [H], |MNj 
[Ulj ). The general linear group GL^'iC) acts on P(C" ® ) naturally, and these two 
actions of GLn{C) and GLn>{C) form the dual pair. This tells us the relation 

Here n' means the infinitesimal action of GLn'{C). Theorem 19.11 can be regarded as a 
beautiful description of this relation in terms of bases as vector spaces (from the symmetry 
of TT and it', we see that the quantity in this theorem is also equal to 7r'(G^)). Note that 
we can check that the right hand side of Theorem 19.11 is GLn{C) x GL^' (C)-invariant 
using the Cauchy-Binet type formula (Proposition 16.31) . 

Furthermore we can rewrite this in terms of the quantum preimmanants: 

Theorem 9.2. We have 

7i{G°) = — preimm X/i^ preimm° S/x- 

^' Ie[n]P,Ke[n']P 

We can also regard these relations as noncommutative analogues of the Cauchy-Binet 
type identities in Section (Propositions 1^751 and . 

These theorems are shown as follows. This proof is parallel to that of the original 
Capelli identity given in [U5J and [I3j in the exterior calculus. 

Proof of Theorems \9.1\ and \9.^ Put V = and consider a basis ei, . . . , e„ of and its 
dual basis el, . . . , e* . We consider the following elements in T°(y*) W^C^ <S) C"'): 

n Ti n n' n' 

^k = Yl ^^^^i ' %* = Yl ^(^iJ^i =J2Y1 ^ikdjke* = J2 Vkdjk- 

i=l i=l i=l k=l k=l 

Moreover we put 

n 

1=1 

A simple calculation tells us 'K{Eij)xka = ^kaT^iEij) + XiaSkj- From this, we see the 
commutation relation 

ij{-yk+i)vl = sivliji-Vk)- 

Using this and the relation 7^ (— yi) = 7^* = X]fe=i Vl^jk repeatedly, we have 

n' 

lU-yp) ■ --^-li-y^hU-y^^ = ^U-yp'^ ■ ■■%-ii-y2)v*k,\k, 

n' 

= Y ^fcp7li(-Z/p-i) ■ ■■il_,{~yi)dj,k. 
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Thus, we have 

ejp---eii7;i(-yp)---7;,(-2/i) 

~ ^ip ■ ■ ■ ^jiXipkp ■ ■ ■ Xi^kidjiki ■ ■ ■ djpkpS^i-i ■ ■ ■ 

in f (\/, V*) O Pr'(C" ® C"'). Applying (■) and dividing by p!, we obtain 

(9.1) 7t{G;) = ^Y. J2 ^'^v(p)fcp ■ ■ ■ a:v(i)fci^v,i)fci " " " ^v^^p^"'- 

^' Ie[n]P Ke[n']P (T,a'eSp 

The left hand side is invariant under the antiautomorphism t ^ t° given in Section 16.41 
because G° G ZCSp ® ?7(0[„). Hence, we have 

This means Theorem 19. 2[ Moreover, applying x\ to (19. ip . we have 



^' l£[n]P K€[n']P CT,a'eSp 

As seen from the first relation of (16. 2p . the right hand side is equal to 

12 ^a(o" )3;V(p)A:p ■ ■ ■ a^i^(i)/ci ^ Xa('7 )<9i^,(i)fci ■ ■ ■ f^V,(p)fcp- 

^' /G[n]P i^eM^ o-G5p o-'eSp 

This means Theorem 19. 1[ □ 
Remark. The right hand side of Theorem 19.11 is also equal to 

3 XA(cr)a^V(p)A;p ■ ■ ■ ■ ■ ■ <9jpfcp. 

^' Ie[n]P K£[n']P a€Sp 

9.2. In the same situation as Section HI we have the following relation as an analogue of 
the higher Capelli identity: 

Theorem 9.3. We have 

T^iGV) = column-immA X/o;^o column-immA Xji^. 

We can regard this as the "higher version" of Theorem 14.11 Namely this describes the 
relation between the centers of t/(0t„) and Q2 in Corollary 13.91 in terms of a basis of the 
center of f/(0l„). 

Moreover, we have the following relation for the quantum preimmanants: 
Theorem 9.4. We hme 

(G°) = — column-preimmX/o^o column-preimm° XJ^. 



7r 

p! 



l(^\n\P ,K(^\ni\P 
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Proof of Theore'ms \9.3\ and \9.4[ The proof is almost the same as that of Theorem 19 .11 We 
consider the following elements in T°{V*) (8> i2(C" ® C" ): 

n n n n' n' 

i=l i=l i=l k=l k=l 

n 

^i(^) = Y^(EiA'^)y*i = 7l + ue*. 

i=l 

By a direct calculation, we have 

'K{Eij)L{Wka) = L{Wka)T!-{Eij) + L{Wia)6kj. 

From this, we see the commutation relation 

ij{-yk+i)vl = sivlij{~yk)- 

Here Si and yk belong to T°(y*) (these should be distinguished from L{si) and L{yk) in 

£(C"- (g> C^')). Using this and the relation 7*(-?/i) = 7* = Ylk=i Vl^i'^^jk) repeatedly, we 
have 

K€[n']P 

Thus, we have 

Yl ■ ■ ■ ^n^n (-yp) ■ • ■ 7;, (-1/1) 

/,Je[n]p 

= ^^p'" ^jM'Wipkp) ■ ■ ■ Hwiik,)L{w*^kJ ■ ■ ■ L{w*^k^)e*^ ■ ■ ■ e-p 

/,Je[n]p 

in Tiy^V*) ® £(C" ® C"'). The remainder is the same as the proof of Theorems 19.11 
and El □ 
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